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Abstract

The square integrable basis set representation of the resolvent of the asymptotic
three-body Coulomb wave operator in parabolic coordinates is obtained. The
resulting six-dimensional Green’s function matrix is expressed as a convolution
integral over separation constants.

PACS number: 03.65.Nk

1. Introduction

The three-body Coulomb continuum problem has represented up till now a very difficult
problem which is present in many areas of physics. The best known and widely used
approximate solution is expressed in terms of a product of three Coulomb waves, the so-
called C3 model [1-4] (also called the 3C or Brauner-Briggs—Klar (BBK) model). The
C3 wavefunction satisfies the correct asymptotic conditions, when the three particles are
far away from each other (the so-called region €2p). The C3 wavefunction has been, and
is currently, successfully used as the final-state wavefunction for calculating cross sections
for electron-impact double ionization of helium (so-called (e, 3e¢) processes) [5—7], and the
calculation results are in good agreement with the experimental [8] both in shape and in
absolute value. On the other hand, the C3 wavefunction describes poorly the behavior at
intermediate interparticle distances and when one particle is far away from the other two.
The investigation of the role of the description of initial and final states in (y, 2¢) and (e, 2e)
collisions allow the authors of [9] to conclude that collisional processes cannot be easily used
as a conclusive test for the quality of approximated wavefunctions and the overall agreement
with absolute (e, 3¢) experiment data is fortuitous.

The C3 wavefunction is obtained by neglecting all mixed derivatives of the three-body
Hamiltonian written in generalized parabolic coordinates [1]. Many improvements to the
C3 model have been developed by considering in some approximate way of the neglected
terms of the kinetic energy. Most of them use the same form for the wavefunction, i.e. the
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product of three two-body Coulomb wavefunctions. These modifications introduce position-
or velocity-dependent effective charges (see, e.g., [10, 11]). Besides, modifications in the
relative momenta of the particles have been introduced in [12] to describe the three-body
Coulomb wavefunction in the regions €2, where the mutual distance between particles 8 and
y is much smaller than the distance between their center of mass and the particle o (see also
[13] and references therein).

Some attempts to go beyond the C3 model have also been made. The author of [14]
has suggested to express the three-body Coulomb continuum wavefunction in the ‘inner’
zone (where the potential energy dominates the kinetic one) as a linear superposition of C3
wavefunctions with different relative momenta between the particles. In [15-17] the ®;
model has been proposed and developed. Within this approach an approximate analytical
wavefunction is expressed in terms of the hypergeometric function of two variables. Using the
representation of the @, model wavefunction as a series expansion in powers of coordinates
the authors of [15—-17] have shown that the C3 wavefunction is included as a first order
in this expansion. The authors of [17] have also pointed out that a Faddeev-type equation
can be derived for the three-body Coulomb continuum wavefunction considering the Green’s
function of the asymptotic separable Coulomb wave operator and taking an approximation to
the non-orthogonal part of the kinetic energy as the components of the perturbed potential.

In the previous paper [18] we have attempted to apply the J-matrix method [19] (see
also [20] and references therein) for solving numerically the three-body Coulomb continuum
problem. Within this version of the J-matrix formalism, the three-body Coulomb continuum
wavefunction is expanded in an infinite series of six-dimensional L? basis functions. Then the
initial Schrodinger equation is transformed into a discrete analog of the Lippmann—Schwinger
equation. However, the corresponding Green’s function was not derived in [18]. The goal
of this paper is to obtain the expression for the six-dimensional Coulomb Green’s function
matrix elements.

Below, we present some relations needed for understanding the separable approximation
to the Schrodinger equation for the three-body Coulomb problem.

Consider the Schrodinger equation for a three-body Coulomb system with masses
my, my, m3 and charges Zy, Z,, Z3, respectively,

1 1 212y ZrZ3 Z1Z;
_ R— — A+ + + v =EW. (1
2112 23 r2 23 i3
Here R and r are the Jacobi vectors
miry + mor
R=r -1y, r=ry— 1722 (2)

mi+mp
r;; = r; — I, is the relative position variable, r;; = |r;s|. The reduced masses are

1m1m; _ (mi+my)ms

= — = . 3
Hi my+myp s mip+my+mj ©)

The eigenenergy E is given by E = 2;17 K? + ﬁk? The ansatz
U = ei(K-R+k~r)W (4)

removes the eigenenergy giving the equation for W:
1 1 i i 2172y, ZoZy 7175 —
——AR—— A, — —K-Vg ——k -V, + + + v =0. )
2112 213 K12 78 2 3 r3
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Let D denote the operator in the square braces in (5). This operator is considered in terms of
parabolic coordinates introduced by Klar [1]

£ = ro3 + ko3 - 123, m = ra — K3 - 13,
£ =ri3+ki3 -, n =ri3 — Kiz - 13, (6)
§3="12+i(12'1‘12, 773=V12—i(12°l'12,

where k;; = W is the relative momentum vector between the particles / and s, i(;s is the

unit vector: i{ls = l]:—:s, kis = |kis|. Then D is expressed as a sum of two parts
D = Dy + Dy, 7

where Dy is given by
3

Do=Z

j=1

———[he, + hy, + 2kt ], 8
Mzs($j+n,-)[ g % fon, + 2hast] ®)

Zi1Zs s miny .

for j #£1,sand! < s. Here t;; = Ty = ; the one-dimensional operators fzgj and

~

hy, are defined by

h 2(8$a+'k$8> h 2(3 ' ik a) )
=2 i kg ) =2\ oo — ko)
g og; > a5, " 9, K on; ' dn; "o,
Dy is the leading term which provides a three-body continuum wavefunction that satisfies
exact asymptotic boundary conditions for Coulomb systems in the limit of all particles being
far from each other [1]. The operator D, which contains all mixed second derivatives

92 92 . 92 . . .
%95 an,om # [ and % am (see, e.g., [21]), is regarded as a small perturbation which does
not violate the boundary conditions [1].

Further, if we neglect D from equation (5) we obtain the approximate equation

DoV =0, (10)

which is separable with an infinite number of solutions [1]

3
U=T]rE. ) (11)
j=1
and each of the functions f;(§;, n;) is a solution of equation [1]:
1 A A
—————— lhe, + hy + 2kisty51 55, mj) = —Cj (€. mj). (12)
RGELD) § n VACVARY) VENACVARY)
The separation constant C; satisfy the constraints [1]
Ci+Cr+(C;3=0. (13)

The solution f; is represented in the form f;(§;, n;) = u;(§;)v;(n;), and the functions u ; (§)
and v;(n;) satisfy the equations

[ils,- +2kis Ay + s Ciéilu (&) =0,

[fz,“ +2k;sBj + isCinjlvi(nj) =0,
with the constraint

Aj+Bj=tls~ (15)

The general solutions of (14) can be obtained by transforming the confluent hypergeometric
equation (see, e.g., [21]). Thus, the general solution of (10) is expressed in terms of a
product of six Kummer hypergeometric functions (the so-called C6 model wavefunction W¢¢
[21]). By setting specific values for separation constants A ;, B;, C; solutions with a particular
asymptotic behavior can be obtained. For instance, putting C; = B; = 0 and A; = 1, the

(14)
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C3 wavefunction with pure outgoing behavior is obtained [1]:
3
Ve = [ | 1Fiins, 15 —iki&)). (16)
j=1

The exact three-body Coulomb continuum wavefunction W satisfies the six-dimensional
differential equation

[Do+ D]V =0. 17)
Then, multiplying (17) by H§=1 wis (€ +n;) yields [18]
(h+ VIV = (18)

where

3
b =T rus& +np)Do = pizE +ma(E +n3)by
j=1

+ 123 (€1 + )12 (Es + 03)bo + pos (€ + )iz E + n2)bs, (19)
b = he, + h,, + 2kt (20)
and
3
V:Hﬂls(§j+77j)Dl~ 21
j=1

In turn, equation (18), in view of the boundary condition

U — Wes or U — Weg, (22)
is transformed [18] into the following Lippmann—Schwinger-type equation:

V=W + BV or U= Wes+BVY, (23)

where @ is the resolvent of the operator h (19). It has been suggested in [18] to treat the
equation (23) within the context of L? parabolic Sturmian basis set [22]

3
Y =[] bnm, & 1), (24)
j=1
B, € 17) = Y, GV, (1)), (25)
Yn(x) = 2be "L, (2bx), (26)

where b is the scaling parameter. Thus, the wavefunction W is expanded in basis function
series

U= Za/\/ IN) . (27)
N

Then, the projection of (23) onto functions |N') yields an infinite set of equations in the
coefficients ay

a=a"-6Va, (28)

where & and V are the matrices with elements (A I@IN "y and (N|V|N), respectively, a is
the vector with components ays, a/(\?) = (N|W¢3) or a/(\(}) = (N|Wcs).
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The problem of calculation of the matrix elements (N IVIN "y of the operator %
(which contains very involved algebraic functions of the parabolic variables) is beyond the
scope of the present paper. At this stage it will suffice to consider that the short-range
operator V can be approximated by a finite-order matrix V.

In the previous paper [18] the resolvent G ; for the two-dimensional operator

b+ msCi(&; +n)) (29)

has been treated within the context of the basis set (25). In particular, a matrix representation
G; of the Green’s function G ; has been obtained which is formally the matrix inverse to the
infinite matrix [h; + 1;,C;Q;] of the operator (29):

[h; + u;sC;Q;1G (1155 s C) =1;. (30)
Here
hj = hgj ® I,” +I§j ® h,” +2k1‘vllslj 31

is the matrix of the operator 6 j (20) in the basis (25), I¢;, I, and I; = I, ® I, are the unit
matrices. Q; = Q;; ® I, + 1, ® Q;,, where Q¢, and Q,; are the matrices of &§; and 7; in
basis (26), respectively. R

In this paper, we consider a Green’s function & associated with the six-dimensional
operator b (19). N amely, we construct a matrix & which is formally inverse to the long-range
operator (19) infinite matrix

b= pipih ® Q ® Qs + 123u12Q1 ® hy @ Q3 + 12313Q1 @ Q2 ® hs. (32)

As we pointed out in [18], the six-dimensional Green’s function matrix & is expressed as the
convolution integral

6= N// dC; dCrGi(f23; n23Ch) @ Ga(t13; n13C2) ® G3(t2; —u12(Cr + C2)), (33)

where G are the two-dimensional Green’s functions G ;j matrices, R is a normalizing factor.
Thus, our problem now is to determine the paths of integration over the separation constants
C) and C; in (33) and to find the corresponding normalizing factor 8 such that the condition

e=ILL®L (34)

holds. For this purpose consider the product h&. From the relation (30) we obtain
6 = N{ // dC dCy [I — u23C1Qi G (1235 123C1)] @ 113Q2G2 (1133 113C2)

® n12Q3G3(t2; —u2(Cr + C2)) + // dCidCru23Q1 G (1235 123Cr)
® I — u13C2Q2Ga (1135 n13C2)]
@ 112Q3G3(t12; —12(Cr + C2)) + // dC1dCru23Q1 G (t23; (23C1)

@ 113Q2G2 (1135 113C2) @ [I3 + w12(C1 + C2)Q3G3(t2; —p12(Cr + Cz))]},

(35)
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and hence

hE =R {// dCidCr [ ® n13Q2Ga(f13; 113C2) ® 112Q3G3(112; —12(Cr + C2))
+u23Q1G1 (1235 n23Ch) @ I ® n12Q3G3(112; —p12(Cy + Cr))]
+ [Mszl /dC1G1(t23; MZSCI)] ® [uan/dCsz(m; M13C2)} ®13} .
(36)
As a first step toward our goal we consider the integrals
/deGj(tls; wisCj) (37

inside the figure brackets on the right-hand side of (36).

In section 2 completeness of the eigenfunctions of the two-dimensional operator (29)
is considered. In particular, an integral representation of the matrix A which is inverse to
the infinite matrix Q of the operator (¢ + 1) in the basis (25) is obtained. In section 3 it is
demonstrated that the integral (37) taken along an appropriate contour is proportional to the
matrix A obtained in the previous section. Finally, section 4 presents a convolution integral
representation of the six-dimensional Coulomb Green’s function matrix.

2. Completeness relations

2.1. The continuous spectrum

Of particular interest are the regular solutions

fy,t. &) =uly,t,9Hv(y, T, n) (38)
of the system

Lhe + 2kt + pCEJu(y, ,&) = 0, (39)

LA, +2k(to — 1) + nCnlu(y, 7,&) = 0. (40)

Obviously, the regular solutions # and v are proportional to confluent hypergeometric functions
(see, e.g., [21])

u(y, v, £) =e2 e (% +ir, 1, —iyé) (41)
and
vy, T =e 200 By (i — 1), 1, iyn)
— ez tn B (3 +i(ro — 1), 1, —iyn), (42)
where
22 k i k
MC:?_T’ r:;(r+§>, TO:;tO~ (43)

It should be noted that since the representation of the two-dimensional Coulomb Green’s
functions matrix elements [18] involves an integration over T from —oo to 0o, in the subsequent
discussion we assume that t is real. With this assumption it is readily seen that the solutions
(41) and (42) coincide, except for normalization and the phase factors e~z and ezk7, with
parabolic Coulomb Sturmians treated in [24]. In this case y plays the role of the momentum

6
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and £ = V; is the energy. From this we conclude that for y > 0 the solutions (41) and (42)
correspond to the continuous spectrum of £.

It is readily verified that the solutions u(y, t, £) and v(y, 7, n7) are expressed by basis set
(26) expansions

2V (i -\ L,
W) = o <2b+i(y+k) ) ;09 Pa(T5 )Y (©), (44)
Vb (- + R\ TS .
v = o <2b+i(y _k)> ;x Pa (@ =T O Yu(n),  (45)
where
_ Briy=b o, oyt A (46)
2b —i(y — k) 2b+1i(y +k) 0

The expansion (44) and (45) coefficients contain the polynomials [18]

(e )_(—l)nr‘(n+%—it) F(_ LN S ) @
pn(T;8) = Y F(%—ir) 2F n,2 1T; —h > 15 ¢ ).

The basis set (26) representation of the equation (39) is the three-term recursion relation
[18]

ApYn—1 +bnyn +dn+1yn+l = Oa n 2 1 (48)
where
C C
by=(b+E= ik ) +2(b+ B ) 0+ 2s, (49)
2b 2b
C C
an=(b—2= _ik)n, dy=(b-"2= vik ).
2b 2b
The functions
sp(t; nC) = 0"p,(t; ¢) (50

are the ‘regular’ solutions of (48) with the initial conditions: sy = 1, s_; = 0. The polynomials
pn (47) of degree n in T are orthogonal with respect to the weight function [18]

r(§—ir)r(+ir)

P = ——— (=)™, (51)
i
where it is considered that |arg(—¢)| < m. The corresponding orthogonality relation reads
i (-1 o
— (—) / dz p(7: ) pa(T: O Pm(T5 8) = Spm- (52)
¢ ¢ —o0

2.2. The discrete spectrum

For ty < 0 the eigenfunctions of (39) corresponding to the discrete spectrum £© = % Ve =
kg, kg = -4, 0 =1,2,..., 00 are [25]

fl,m(sv 77) :ul,m(é:)vf,[—m—l(n)a m :Os 17"'s£ - 17 (53)
where

e (§) = e e F \Fi(=m, 1 k8) = e e L () (54)

7
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and
ikﬂ _ken ik,] _ken
vem(n) =e2"e” 2 | Fi(—m, 1; k) =e2""e” 2 L, (ken). (55)

The solutions f; ,, meet the orthogonality relation

3 00 OO
;—2/ / & +n)d& dn fomE mMfemwE M = 8cednm- (56)
0 JoO

It is readily verified that the expansions of u, ,(§) and v, , () in a basis function (26)
series are

wem(&) =Y S Y (&) (57)
n=0
and
ven) =Y [ ] a ), (58)
n=0

where the coefficients are given by

m+1), Qb — kg —ik)"(2b — k¢ +1k)™"
S(Z,m) =2 /2b _\n
" ) n! (2b + kg + ik)n+m+l
(2b +kp)? +k2>

Jork) ¥R 59
b — k)2 + k2 (59)

X 2 Fy <—n, —m, —n —

2.3. One-dimensional completeness relations

The eigensolution u(y, 7, &) of (39) corresponding to the continuous spectrum (y > 0) for
large & behaves as
(rg) ~ (yé In(y) + > + ) (60)
u(y, t, ~ ——————3gin| — — tn(y —+0,
o T i) VE T\ 2 :

where 0 = arg " ( + ir). Therefore (see, e.g., [24, 26]),

1
2

1
r ' -+ir
4 2

andfort > 0 (t = % with fixed Zy > 0)

2 00
o f EdEuly, T Oy 1. O = 715 — 7). (61)
0

(i) . - ,
s/o yay L T Ol O =86 —8). (6)

On the other hand, if the functions u(y, 7, £) are regarded as charge Sturmians [24], i.e.
the parameter 7 is considered as the eigenvalue of the problem, whereas the momentum y
remains constant, the corresponding orthogonality and completeness relations are given by

[24]
1 2 o
: ‘F (5 * it) e_m/ dEu(y, 7.6y, 7. O =278(r — ) (63)
0
and
* |F(%+ir)|2 f— L /
)// dTTC u(% T,E)[M(y, ‘[,%‘)] 23(5_5) (64)
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Taking matrix elements of the completeness relation (64) we find
N2
8byo"r—"m /‘oo }1" (% + 17:)‘ .
dt—5—"(=0)" pa(T; O) [Pu (75 OI" = 8-
VI + (y + D242 + (v — 2] oo 27 ' !
(65)

It may be noted that (65) is closely related to (52). To see this, let y > 0. Then, it follows
from the definitions (46) that

=D i 8by

4 VI + (v + D267 + (v — )7
Further, the regular solution 6" p,(t; ¢) of the three-term recursion relation (48) is an even
function of y, since the coefficients a,,, b, and d,, depend on y only through uC = %(k2 —y2).

Thus, replacing y by —y, and hence 7 by —7 (& — A and A — #)and ¢ by ¢ ~! inequation (47)
gives

(66)

n n(_l)nr(n+%+lt) 1 . 1 . -1
0" pn(t;8) =2 2| -, S —in o+ S =it g ). (67)
n! r (5 + 1r) 2 2
Comparing equations (47) and (67) then yields the relation
0" pu(7; 8) = A" [pa(T; OT7, (68)
and hence
[P (T3 O1 = 7" pa(z; 0. (69)

From the argument above, we conclude that for y > 0 the orthogonality relation (52) reduces
to (65).
2.4. The two-dimensional completeness relation

It follows from the relations (61) and (63) and analogous relations for v(y, 7, §) that the
two-dimensional orthogonality relation for y > 0 is given by

2 1, 2 1, _ 2 00 poo
em%“(f”” INCRC )] /f (& +0)dE dn(f (v, 7. E. )
T 2 o Jo
KL T E )T} = 8(y — 1)t — ). (70)

In turn, in the case #y > O (where there are no bound states) it would appear reasonable that
the two-dimensional completeness relation would be given by

3 +n){otfoo dyyle™® /oo dr 1N +if)‘2 T (5 +i(zo — T))|2
0 —

00 27 2

X f(J/» T, gv U)[f(% T, S/’ T)/)]*} = 8(5 - 5/)5(77 - 77/) (71)

The integration over t in (71) is performed on the assumption that t is independent of y.
To test this hypothesis and determine the normalizing factor «, we carried out the following
numerical experiments. First with some parameters #y > 0,k > 0 and b we calculate the
matrix elements A, ,,.n,.m, for the expression in the figure braces on the left-hand side of

9
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(71) in the basis (25):

4 B /‘X’d 64b%y2 (—¢)™ Jp—
momimom: =V 4 (02046 + (o — 07
. 2 . 2
[ alr G i o)
oo 2w 2w
X P, (T3 8) Py (T0 — T3 O [P, (T3 8) Py (10 — T3 O] (72)

It should be noted that the value of (—¢)'™ in this formula is determined by the condition
larg(—¢)| < m. Then the resulting matrix A is multiplied by the matrix

Q=Q: I, +I: ®Q, (73)
of the operator (£ + 7). Finally, using the condition
QA=ILQI, (74)

we have obtained that « = 1. Note that the infinite symmetric matrices Qs and Q,, are

tridiagonal [18]:

1
o™ n=n-—1,
. 1
05 = St w=n, (75)

1
—%(n+l), n=n+l,

therefore the normalization condition (74) can be rewritten in the form

1

%8}12”!2{_”114"171,}12;7”1,7"2 + (2111 + l)Anl,nz;ml,mz - (l’ll + 1)An1+1,n2;m1,m2}

+ %Smml{_nZAnl,nz—];ml,mz + (21’12 + I)Anl,nz;ml,mz

- (n2 + I)Anl,nz+1;m1,m2} = 5n1n113n2m2~ (76)

For 7y < 0 the completeness relation (71) transforms into

o0 00 1,2 1, B 2

o 2 2

xfy.t. 6, mf (v, 7.8 1)

oo 3 -1
K rNTE l /
+2 55 2 fememar&m [fomema €] } =86 — &8 —1).
=1 =0
(77
In this case the matrix A with elements
00 2.,2 i
An np mip,m 2/ dy 32b )/ (_é‘) ro enl_ml)\,mz_nz
B [4D% + (y + k)2][4b2 + (y — k)?]
00 r 1 +i 2 r 1 +i . 2
x/ d‘L’| (2 lT)| | (2 i(zo T))|
oo 2w 2w
X Py (T3 8) Py (0 = T O [Py (T ) Py (70 — T3 O]
e I(3 -1
+3 5y Yo Sms s ®
(=1 =0

10
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is also inverse to the matrix Q (73). The expression (78) can be rewritten, in view of (66) and
(69), as

1 [ c—1 2 gmi+my o0
Anl,nz;ml,mg = _E/(; d)/ <T) 2ty /;OO dr IO(T; ;))O(TO -7, é‘)

X Py (T35 8) Py (To — T3 8) Py (T3 &) Py (T0 — T ;“)}

oo 3 -1
" ZKZ ZS(K m)S(EK m—1) [S(ZZ m— I)S((Z m)] (79)
m=0

To illustrate the accuracy which can be obtained with the help of a standard FORTRAN
numerical integration over an infinite interval code, the matrix elements A wtyimymy (79) and
the corresponding left-hand side of (76) in some (diagonal and nondiagonal) cases have been
calculated. Here we put b = 0.3,k = 0.15 and 7y = £0.5. The results are presented in
table 1.

3. Contour integrals

Note that expressing the resolvent of the one-dimensional operator []:lg + 2kt + ,uCE] requires
two linearly independent solutions of (39). Irregular solutions of (39) are expressed in terms
of the confluent hypergeometric function [23]

w®(y, 1,6) = 2@y (L Lir, 1; Fy8). (80)
The corresponding solutions of the three-term recursion relation (48) are
ot pC) =0"g (@), o7 pl) =" g7 (@ o), 81)

where

n! it . .
g\ (T3 8) = (= )"F(ZE”M)) R (3 +itn+lin+ 3 +ini ),
(82)
_ n 0!l (3—it . . ..
gy (T 8) = (=) r(nﬁz ”))ZFI (3—itn+lin+ 3 —ir;g).

In particular, the functions

2iv/2b C2b+ily =)\ o
b—i(y—k)< 2b—i(y+k)> or :|:1'C ZC t; uCYY, (§)

(83)

B (y, 1, 8) = 3

tend to w® (y, 7, £) as &€ — oo.
The matrix elements of the resolvent of [}Alg + 2kt + wCE] can be written in the form [18]

) (5. _ i1y )
G (15 C) = 27/( c ) o —pn (T3 8)g, (T3 0) (84)
and
i (c—1)6rm
¢t nC) = — <§—) —pu (T O T (T3 0), (85)
2y ¢ ¢

where n.. and n are the greater and lesser of n and m. Note that c{* (c{™) are defined in the

upper (lower) half of the complex y-plane where [{]| > 1 (|¢]| < 1) To analytically continue
¢ onto the lower half of the y-plane the relation [18]

Pt uC) = (15 nC) +2mip(T; £)0™ pu(z; ¢) (86)

can be used.
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Table 1. A,/ /.,

[ 1o3m,ma
The matrix elements were evaluated numerically by using (a) equation (79) and (b) the integral representation (92) with the parameters & = 50 and ¢ = —m /3. These calculations were
performed with FORTRAN standard code.

involved into the normalization condition (76) and the left-hand side of (76) values. We put the following values of parameters: b = 0.3,k = 0.15, 7y = £0.5.

np=my=3,np=my=2

Ani Az Agn Az32 Asz3 the Ths of (76)
=0 (a) 0.122857 1428 0.164 502 1645 0.112705 6277 0.118 0952380 0.106 147 1861 1.000 000 0000
0 (b) 0.122 8572055 0.164 502 3080 0.1127055134 0.118 0952862 0.106 148 0934 0.999998 6214
<0 (a) 0.122 857 1432 0.164 502 1641 0.112705 6279 0.1180952386 0.106 147 1862 0.999 9999877
0 b) 0.122 857 1040 0.164502 1610 0.112705 3228 0.1180952743 0.106 147 2855 1.000 001 5392

n=m =3,n=3,m=2

Axz3 Az Agz3 A3.30 Asa: the Ihs of (76)
=0 (a) 0.100259 7402 0.106 147 1861 0.090469 5304 0.164 502 1645 0.082474 1924 —0.5551115123 x 10715
0 (b) 0.100259 7440 0.106 148 0934 0.090468 3789 0.164 502 3080 0.082471 8107 0.439896 4458 x 10~*
<0 (a) 0.100259 7401 0.106 147 1862 0.090469 5303 0.164 502 1641 0.082474 1924 0.538 1810552 x 10~8
0 (b) 0.100259 5989 0.106 147 2855 0.090 466 9943 0.164 5021610 0.082478 2355 —0.7003513032 x 1073

nyp=3,m =2,np=3,my=2

A3 A3z Az Az Azam the 1hs of (76)
=0 (a) 0.122 857 1428 0.100259 7402 0.0833116883 0.122857 1428 0.0833116883 —0.8548717289 x 1014
0 (b) 0.122 857 5807 0.100259 7454 0.083 3121690 0.1228575170 0.0833110148 —0.2653674140 x 1073
<0 (a) 0.122857 1432 0.100259 7400 0.0833116883 0.122857 1432 0.0833116883 —0.8519795091 x 10~8
0 (b) 0.122 857 3492 0.100259 6377 0.0833119210 0.1228572818 0.0833118111 —0.648 8930841 x 107>

202S10 (6002) Th 1oL "yl -V ‘SAud ‘[

ASIKRZ V S
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Figure 1. The path of integration C in (90).

In [18] we obtained the basis set (25) representation of the resolvent for the two-
dimensional operator [hg + 2kt + wC&] + [h, + 2k(ty — t) + wCn]. In particular, the matrix
elements of the two-dimensional Green’s function can be expressed as the convolution integral

] — 1\ Am2—n2 00
GO (g uC) =i (§ ) _ / d p(ro — 7 ¢)
- ¢ ¢me —0o0
x g\E) (t; WC) Py (To — T3 0) Py (T0 — T5 0. (87)

Note that in this case only the regular solutions of (40) discrete analogues A" p, (79 — 7; ¢)
are used.
Let us consider the integral

1 [e.¢]
L=~ f Y Ay Gy, s (05 HO). (88)

Note that by replacing y — —y (and hence 6 — A, A — 0, — 1/{,7 — —71 and
Tp — —Tp) in equation (87) G (to; mC) is transformed to G\ (to; mC). Thus,

ni,nainy,my ni,nainy,my
for the integral Z; we obtain
o0
T, ydy{GL ot nC) = GO (1; nC) ) (89)

~ 27 )y
Inserting equations (87), (84) and (85) into equation (89), we find, in view of (86), that 7,
coincides with the integral on the right-hand side of (79).

Now, we consider the integral

1 w (. K
— | dEG™ | to; — =& ), (90)
27 Je 2
taken along the contour in the complex £-plane shown in figure 1. The contour C passes in

a negative direction (clockwise) round all the points £© = —% (filled circles in figure 1
which accumulate at the origin) and the cut along the right-half of the real axis and is closed at
infinity (see, e.g., [27]). The corresponding matrix element of the integral along the two sides
of the cut is equal to Z; (88) (this is circumstantial evidence that the normalizing factor « in the
completeness relation (71) is equal to %). On the other hand, the integration along a contour
enclosing £ reduces to (—1) times the double sum of the residues of the integrand at the
points 7" = i (m + %) ,m=0,1,...and E© = —%, ¢ =1,2,..., which are the poles
of the gamma functions T' (1 +ir) and T (3 +i(to — 7)) =T'(m + 1 + \/_";075(2)), respectively.
It is readily shown that the matrix element of this part of the integral (90) coincides with the
double sum in (79). Thus, the integral (90) is equal to the matrix A. The contour C can be
deformed, for instance, into a straight line parallel to the real axis. The resulting path C; shown
in figure 2 runs above the cut and the bound-state poles of G (to; k—; — 5). The contour C;
can be rotated about some point &, on the right-half of the real axis through an angle ¢ in the

13
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Figure 2. The path of integration C; in (92).

range (0, —m) [27]; see the contour C, in figure 2. Note that & should be positive, since only
in this case it is possible to bend the contour of integration around all the bound-state poles.
The initial contour C; (and C) lies on the physical energy sheet (0 < arg(€) < 2m). The
part of C, above & remains on the physical sheet, whereas the part of the contour below &
(which is depicted by the dashed line) moves onto the unphysical sheet (—27 < arg(€) < 0).
Further, in view of the restriction —7 < ¢ < 0 the argument of £ on the contour C, obeys
the condition —7 < arg(£) < m, and therefore the momentum y = V/2€ here is the standard
branch of the square root. It should be marked that for calculations of ¢(* in the lower-half of
the y-plane (Im(y) < 0) the analytic continuation formula (86) can be used. Note that on C,
the energy variable is given by

E=E+€eYE, 91)

where & > 0, E is real and runs from —oo to co. Thus, we obtain the following representation
of the matrix A (which is inverse to the matrix Q (73)):

1 o (. K
A=— [ d€G to;, ——¢&
2w Je, 2
ei(ﬁ 0 k2 )
= dEGW <t0; ——& - e“”E) =Q (92)
271 J_oo 2
The integrals (92) with parameters & = 50 and ¢ = —m/3 have been calculated with

the help of a standard code. The results listed in table 1 allow us to estimate the accuracy of
the calculations. Note that we presented only the real part of the integrals, since their image
part is found to be of the order 1075, A comparison of (a) and (b) results shows that a serious
effort should be made to provide an adequate approximation to the hypergeometric functions
in the integrand on the right-hand side of equation (92).

4. Six-dimensional Green’s function matrix

Using the relation (92) we can rewrite the expression (33) for the six-dimensional Coulomb
Green’s function matrix as the contour integral

__ N @ (, ks
Q— dgl dgz Gl t23’ A —51
M23M113 Je, G 2

K2 k2
®GS’ (m; f - &) ® G <m; f - 53) , (93)

where £; = % — w5 C ;. This also allows us to determine the normalizing factor X. Indeed, it
follows from (92) that the third term inside the figure brackets on the right-hand side of (36)

14
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is proportional to the unit matrix:

k2 k2
[Q1/ d51G§+) (123; e 51)] ® [sz dng(;) <l13; S 52)i| b B
Cy 2 C 2

=)L L L. 94)
Consider the first two terms in the figure braces in (36). For the energy &5 = % +u12(C1+C»)
we have
k? k2 k?
53=£+Q<£—51>+@(£—52). 95)
2 M23 2 M3 2
On the other hand, on the contours C; the energy variables £;, j = 1, 2 are given by
Ej =&+ Eje, (96)

where ¢ < 0, &; is an arbitrary positive parameter, E; is real and runs from —oo to oo.
Hence, for the energy &3 (95) we obtain

k2 k2 k2 .
(‘:3 = |:—12 + & (é — 501) + & (ﬁ — 5()2)] + <—&E1 — &Ez) e'’. (97)
2 uz \ 2 m1z \ 2 “23 “13
Thus, & can be expressed in the form
&3 =Ep+ Ezel?, (98)

where &3 and E3 denote the term in the square braces and the real factor in front of the
exponent in (97), respectively. Since £y should be positive, therefore the positive parameters
&o1 and &y have to satisfy the constraint

K2 k2 k2
&5()1+&€02< _12+&£+&£ (99)
W23 13 2 w3 2 ugz 2
Now, we consider the integral
) ki
I, = / d51G3 <t12; 7 — 3) . (100)
C
With fixed &,, in view (97), (98) and (92), we see that
) e k2 ) oo k2
I, =e¥ dE\GS” (12 2 — & ) = 2 e dE; G (110 ~22 — &
3 ) 3
—00 M12 —00 2
k2
= -2 4560 (1 2 - &) = 211220 (101)
mi12 Je, ; 2 Hi2
Similarly, we obtain
k2
/ &, Gy <t12; -2 53) = —2niﬂle. (102)
G ’ 2 12
Inserting (101), (102) and (94) into (36) then yields
h6 = ¥4I L @ L. (103)
Thus, from (103) we conclude that
1
=7 (104)
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5. Conclusion

The Sturmian basis set representation of the resolvent for the asymptotic three-body Coulomb
wave operator is obtained, which can be used in the discrete analog of the Lippmann—
Schwinger equation for the three-body continuum wavefunction. The six-dimensional Green’s
function matrix is expressed as a convolution integral over separation constants. The
integrand of this contour integral involves Green’s function matrices corresponding to the
two-dimensional operators which are constituents of the full six-dimensional wave operator.
The completeness relation of the eigenfunctions of these two-dimensional operators is used to
define the appropriate paths of integration of the convolution integral.
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